
Time of Arrival (TOA) estimation



Notation

With a slight abuse of notation, drop index n and move to discrete time. Now 
Time of Arrival (TOA) is expressed in multiples of the sampling period.

[s] [samples]



RIR estimation
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Deconvolution approach (1) 

Shift to matrix form:

Toeplitz

Tall matrix

The signal          is known: 
we can use deconvolution



Deconvolution approach (2) 
Maximum likelihood cost function under iid Gaussian noise

Linear Least Squares problem with closed-form solution given by: 

Potentially ill-conditioned problem, especially with narroband TX signals.
Priors on RIR may improve the problem conditioning



RIR sparsity prior

Sparsity holds for direct path 
and early reflections

Reconstruction of  RIR direct path and early reflections is sufficient for room geometry 
reconstruction and it has proven to work also in speech enhancement [Yu et al 2012]  and 
dereverberation [Lin et al, 2007].

[Lin et al, 2007]: Lin, Yuanqing, et al. "Blind channel 

identification for speech dereverberation using l1-norm sparse 
learning." NIPS 2007.

[Yu et al 2012]: Yu, Meng, et al. "Multi-Channel Regularized Convex Speech 

Enhancement Model and Fast Computation by the Split Bregman Method." Audio, 
Speech, and Language Processing, IEEE Transactions on, 2012.

Intensity

Direct path

Early reflections

Reverberation

Time



Penalty: Inducing sparsity

NP- hard

The problem is now treatable using the sparsity inducing L1 norm



Non-negativity prior

Approximations:
- Frequency dependent reflection coefficient neglected
- Reflections assumed to be aligned with the sampling bins

Direct path

Early reflections

Reverberation

Time

Intensity



Sparsity and non-negativity

Quadratic cost function with linear constraints thus solvable with 2nd order  cone 
programming SOCP  (code available at http://sedumi.ie.lehigh.edu/)



Bayesian approach

Non-negative exponential prior

Gaussian Error prior

Lin, Y., & Lee, D. D., “Bayesian regularization and nonnegative deconvolution for room impulse response 
estimation”. IEEE TSP 2006

L1 penalty is weighted with a different weight for each sample, resulting in a more 
effective prior for sparsity. 

Solved with Expectation Maximization procedure
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Statistical methods

Tong, Lang and Perreau, Sylvie, “Multichannel blind identification: From subspace to maximum likelihood 
methods.” IEEE Proceedings, 1998.

Natural signals are by definition not deterministic but their statistic can be 
known on the base of the signal category (e.g. speech).

Two main approaches depending on the degree of knowledge of           statistic:  

• Second order moments  approaches  (require knowledge of autocorrelation)
- Closed form solutions available

• Maximum likelihood approaches (required knoweldge of            probability  
density function).

- Optimal in the ML sense but it leads to non-convex cost function to be 
solved with Expectation Maximization.

Stastistical methods play a minor role in RIR estimation due to the difficulty in 
achieving reliable statistics of TX signals.
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Single Input Multi Ouput 
Blind Channel Identification



Maximum Likelihood  approach

Toeplitz

Given  ym for m = 1 … M,  
estimate both s and hm  

for m = 1 … M

In blind methods the 
problem cannnot be 
solved separately for 
each of the M RIRs.

Problem:



Exploit multi-channel relation



ML estimation: iterative optimization

Chen, J., Benesty, J., & Huang, Y. (2006). Time delay estimation in room acoustic environments: an overview. EURASIP 
Journal on applied signal processing, 2006.

Nonlinear Least Squares due to the bilinear term:  

Under the hypothesis of Gaussian iid noise:  

For                            do: 

Each iteration can be solved by standard linear Least Squares.



ML approaches require an initialisation

Exploit the cross-relation identity



The Cross-relation Identity (1) 

For every couple of microphones, the following mathematical relation holds:

L. Tong, G. Xu and T. Kailath. “Blind identification and equalization based on second order statistics: a time 
domain approach”, IEEE Trans. On Information Theory, 1994.
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The Cross-relation Identity (1) 

L. Tong, G. Xu and T. Kailath. “Blind identification and equalization based on second order statistics: a time 
domain approach”, IEEE Trans. On Information Theory, 1994.

For every couple of microphones, the following mathematical relation holds:



The Cross-relation Identity (2) 

Shift to 
matrix form

In absence of noise:

L. Tong, G. Xu and T. Kailath. “Blind identification and equalization based on second order statistics: a time 
domain approach”, IEEE Trans. On Information Theory, 1994.



Quadratic cost function

Singular value problem  [Tong et al., 1994]: 
solution given by the singular vector corresponding to the smallest 
singular value of    .

To avoid the
trivial solution

L. Tong, G. Xu and T. Kailath. “Blind identification and equalization based on second order statistics: a time 
domain approach”, IEEE Trans. On Information Theory, 1994.



Quadratic cost function

Singular value problem  [Tong et al., 1994]: 
solution given by the singular vector corresponding to the smallest 
singular value of    .

To avoid the
trivial solution

L. Tong, G. Xu and T. Kailath. “Blind identification and equalization based on second order statistics: a time 
domain approach”, IEEE Trans. On Information Theory, 1994.

Drawbacks:
- Channels  must be co-prime
- RIR length must be known
- Sensitivity to «holes» in the signal spectrum



Penalty inducing sparsity

NP- hard

Kowalczyk et al. "Blind System Identification Using Sparse Learning for TDOA Estimation of Room 
Reflections." Sig. Proc. Letters, 2013.

[Kowalczyk et al, 2013] 



Penalty inducing sparsity

Drawbacks:
- Non-convex problem due to the quadratic equality constraint;
- L1 norm penalizes larger coefficients more: the solution is not in 

general the same of L0 norm.

NP- hard

[Kowalczyk et al, 2013] 

Kowalczyk et al. "Blind System Identification Using Sparse Learning for TDOA Estimation of Room 
Reflections." Sig. Proc. Letters, 2013.



Anchor constraint and 
non-negativity constraint

Lin et al. “Blind sparse-nonnegative (BSN) channel identification for acoustic time-difference-of-arrival 
estimation.” IEEE Workshop on applications of Signal Processing to Audio and Acoustics, 2007

Convex formulation

[Lin et al 2007]



Anchor constraint and 
non-negativity constraint

[Lin et al 2007]

Lin et al. “Blind sparse-nonnegative (BSN) channel identification for acoustic time-difference-of-arrival 
estimation.” IEEE Workshop on applications of Signal Processing to Audio and Acoustics, 2007

Convex formulation



[Lin et al 2007]

Lin et al. “Blind sparse-nonnegative (BSN) channel identification for acoustic time-difference-of-arrival 
estimation.” IEEE Workshop on applications of Signal Processing to Audio and Acoustics, 2007

Drawbacks: 
- amplitude distortion, peak of the anchor 
overly enhanced;
- does not solve the L1 penalty limitations. 

Convex formulation

Anchor constraint and 
non-negativity constraint



A different approach

Convex solution, no distortion due to anchor 

L1 equality constraint

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015
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A different approach

Convex solution, no distortion due to anchor 

L1 equality constraint

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015

BUT L1 norm appears both as a constraint and a penalty: 

no more sparsity - inducing effect !!



Toy problem in two dimensions (1)

Quadratic cost function 
without penalties

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015



Toy problem in two dimensions (1)

Quadratic cost function 
without penalties

Quadratic cost function 
with L1 penalty 

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015



Iterative reweighted L1 penalty (IL1P)

Solve a sequence of sub - problems for z = 1, ... Z : 

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015



Iterative reweighted L1 penalty (IL1P)

Weight update rule:

Smaller elements of vector are more penalized than bigger ones.

Solve a sequence of sub - problems for z = 1, ... Z : 

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015



Toy problem in two dimensions (2)

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015

Weighted L1 penalty



Toy problem in two dimensions (2)

Weighted L1 penalty Quadratic cost function 
with weighted L1 penalty

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015



Initialization and convergence 

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015

How to initialize ?

Use the solution of the anchor-constrained problem



Initialization and convergence 

How to initialize ?

At convergence                            ,  therefore: 

Weighted L1 norm is 
promoting sparsity

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015

Use the solution of the anchor-constrained problem



Example of the iterative procedure

Crocco and Del Bue  “Room impulse response estimation by iterative weighted L 1-norm”, EUSIPCO 2015

Ground Truth

Spurious peaks are 
gradually eliminated from 
the estimated RIR.



Iterative weighted L1 constraint (IL1C)

Solve a sequence of sub - problems for z = 1, ... Z : 

Weight update rule

Differences wrt IL1P [Crocco and  Del Bue 2015]:

-Weights are moved from the L1 penalty to the L1 constraint

-Weights are equal to the solution at the previous step

Crocco and Del Bue, “Room Impulse Response Estimation by Iterative Weighted L1 Norm”, ICASSP 2016



Iterative weighted L1 constraint (IL1C)

Solve a sequence of sub - problems for z = 1, ..., Z : 

Weight update ruleEach iteration consists of the minimization 

of a quadratic cost function + linear 

constraints: convex problem easily solved 

by standard methods.

Advantage over IL1P method: no numerical 

instabilities due to weighting by the inverse 

of the previous RIR -> no need to set a 

dumping term e.

Crocco and Del Bue, “Room Impulse Response Estimation by Iterative Weighted L1 Norm”, ICASSP 2016



Geometrical Interpretation

Quadratic cost function 
with L1 penalty 

Quadratic cost function 
with L1 penalty, and weighted L1 constraint

The weighted L1 constraint induces a sparse RIR solution, given the same cost function. 

The effect is similar to weighted L1 penalty with unweighted L1 constraint but with a 
subtle difference… 

Crocco and Del Bue, “Room Impulse Response Estimation by Iterative Weighted L1 Norm”, ICASSP 2016



Difference between IL1P and IL1C
Let us make a variable change:                              with   

The IL1C cost function can be expressed as follow:

Differently to IL1P the sparsity inducing effect is twofold: 
beyond the weighted penalty the additional weight in w in the  J() term makes the ellipse
leaning toward the y axis -> sparser solution



Comparative analysis of convex  RIR 
estimation methods



Experiments

79

- Simulated room of 5 x 4 x 6 m

- 2 microphones and a source randomly placed 

- RIRs simulated with the image method [Allen & Berkley, 1979]

- Synthetic and real signals: white noise, rustle, male voice

- Variable SNR: 0, 6, 14, 20, 40 dB

- 50 Monte Carlo simulations for each SNR

Allen, Jont B., and David A. Berkley. "Image method for efficiently simulating small‐room acoustics." The Journal of the 
Acoustical Society of America, 1979



Metrics of evaluation

Average peak 
position mismatch

Peak position 
accuracy over the 
inliers



Metrics of evaluation

Average peak 
position mismatch

Average 
percentage of 
unmatched peaks

Peak position 
accuracy over the 
inliers

Percentage of outliers
(> 20 samples)

Metrics evaluated on the first (sparse) part of the RIR



Comparative results

EIG: eigenvalue problem
[Tong et al. 1994]

L1NN: anchor  constraint 
[Lin et al. 2007] 

IL1P : iterative L1 penalty
[Crocco and Del Bue, 2015] 

IL1C : iterative L1 constraint
[Crocco and Del Bue. 2016] 



Comparative results

EIG: eigenvalue problem
[Tong et al. 1994]

L1NN: anchor  constraint 
[Lin et al. 2007] 

ILIP : iterative L1 constraint
[Crocco and Del Bue, 2015] 

ILIC : iterative L1 penalty 
[Crocco and Del Bue. 2016] 

Poster Session at ICASSP 2016
Poster Area J, Thursday, March 24, 16:00 - 18:00



Quantitative comparison

Synthetic signal Real signal (crumpled plastic) Speech signal



Brookes, M.; Naylor, P.A.; Gudnason, J., "A quantitative assessment of group delay methods for identifying glottal 
closures in voiced speech," in Audio, Speech, and Language Processing, IEEE Trans. , 2006

http://www.ee.ic.ac.uk/hp/staff/dmb/voicebox/doc/voicebox/v_findpeaks.html

Effective algorithms for peak finding are able to robustly find local maxima, 
pruning out peaks due to noise or signal sidelobes given by limited bandwidth

Some effective methods:

[Brookes et al 2006]: based on sliding group 
delay function
VOICEBOX tool: based on finding local 
centers of energy

Estimation of TOA from RIR

Given a sparse RIR, the estimation of TOAs reduces to the estimation of peaks position



NEXT: Microphone calibration


